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Abstract. We define finite field A-hypergeometric functions and show that 
they are Fourier expansions of families of exponential sums on the torus. For 
an appropriate choice of A, our finite field A-hypergeometric function can 
be specialized to the finite field j..Fj._i-hypergeometric function defined by 
McCarthy. 



1. Introduction 

Let ¥ q be the finite field of q elements, q = p a , p a prime. Fix a nontrivial 
additive character ^> : F q — > C. For a multiplicative character x : F* -a C x , denote 
by g(x) the Gauss sum 

9(X) = X(a0*(a0 G c - 

Let Fq denote the group of multiplicative characters of F * . For \ £ Fq and 

b= (&!,...,&„) e (Z/(<? - 1)Z)» let x b = ( x bl , . • . , x b ") G (FJ)». 

Fix a set A = {ai, . . . , a^v} C (Z/ (g — l)Z) n and a parameter /3 = (/3i, . . . , /3„) G 

(F*) n . Put 

Lp = \x=(xi,--,XN)e (FJ ) w I f[ xr = 4- 

^ i=l J 

Let A = (Ai, . . . ,Xn) £ (F£ ) A '. Gel'fand, Graev, and Zelevinskii[3J Proposition 1] 
give a formula for a formal series solution of an A-hypergeometric system. By 
analogy with that formula, we define the associated finite field A-hypergeometric 
function F A (f3: -) : (F*) N -A C by the formula 

(1.1) F A (p;X) = (q-l) n - N £ 9 (xi)---9(Xn)xM---Xn(\n). 

The factor (q—l) n ~ N is introduced to simplify the statement of Theorem 1.3 below. 

The Gauss sums g(x) depend on the choice of additive character hence so 
does F A (f3;X). If *S?' is another nontrivial additive character, there exists ceFJ 
such that V(x) = *(cx) for all x e F q . If we define g'(x) = J2xew x x( x )^'( x )i 
then the change of variable x H> c~ 1 x shows that g'(x) — x( c )#(x)- If wc define 
F A (/3; A) by replacing g(xi) by g'(xi) on the right-hand side of Eq. (1.1), it follows 
that F A (j3;X) — F A (f3;cX). In some cases one can normalize F A (/?; A) so that 
the normalized function is independent of the choice of additive character (see 
Section 3). 
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There is also a family of exponential sums associated to A and (3. For a = 
(ai,...,a„) e (Z/(<7-l)Z)'\ write x a = x? 1 For A = (Ai,...,Ajv) € (F*) w 

define 

iv 

(1.2) A) = " 

K = (a;i,...,a:„)€(Fg )" 

The main result of this note is the following statement. 



h(^)---Pn(x n )^(j2x iX A. 



Theorem 1.3. For all A, (3, and A as above, Sa((3,X) = Fa(/3;X). 

The p-adic version of the equality of Theorem 1.3, where all multiplicative charac- 
ters are expressed as powers of the Teichmiillcr character, is similar to [U Eq. (6.2)] 
and can be derived from it. The results of [1] can be used to relate Fa(/3; A) to 
mod p solutions of A-hypergeometric systems over Q and to truncated hyperge- 
ometric series. We give a simple direct proof of Theorem 1.3 in Section 2. In 
Section 3 we relate our definition to that given recently by McCarthy [6]. 

2. Proof of Theorem 1.3 

Let T be the set of all C- valued functions on (F* ) N . Then J 7 is a C- vector space 
of dimension (q — 1) . We denote the trivial character on F* by e. It is easy to 

check that for % = (xi, ■ ■ ■ , Xn) £ (F g x ) N , 

if Xi £ f° r some i, 

(q — l) N if Xi = e f° r au 



(2-1) £ X(A) = 

A6(F„ X )« 



This relation implies that the set (¥q ) N is an orthogonal basis for T relative to 
the inner product (/, g) = J2\e{¥ x ) N fWdW- We prove Theorem 1.3 by showing 
that Fa((3; A) is the Fourier expansion of Sa(/3, A) relative to this orthogonal basis. 
Write 

(2-2) S A (J3,\)= £ C ^ A )' 

where c x S C. Theorem 1.3 is an immediate consequence of the following result 
and the definition of Fa(/3; A). 

Proposition 2.3. With notation as above, 

_j(q-l) n - N 9 (Xi)---9(XN) if Uli xT = P, 

Proof. Fix p = { Pl ,...,p N ) e (F*) N . Multiplying both sides of (2.2) by p{X), 
summing over A € (F*)^, and using (2.1) and the fact that ^ is an additive 
character gives 

n N 

(2.4) (q-l) N c p = E II W,!l{,vA,;*;A r ,-» ;. 

Ae(F*)« xe(F*)™ i=1 J =1 

The change of variable Xj — >• Xj / x aj gives 

l>,\X, !>!'• A ,./•" | -> p^(x)p 3 (X^(X 3 ). 
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Substitution into (2.4) gives 

/ N \ N 

(2.5) (q-i) N c p = ]r (nprw)^) e n^^)*(^) 

JV / N 



=n^) e (n^)k*)- 



Analogous to (2.1) we have the relation 

Equations (2.5) and (2.6) imply the proposition. □ 



3. Comparison with other definitions 

A finite field analogue of the classical fci^-i-hypergeometric function was first 
defined by Greene [4]. In recent work, McCarthy [6] gives a somewhat different 
definition and compares his definition with that of Greene and with the definition 
of hypergeometric sum given by N. Katz[5l Ch. 8.2]. In this section we show that 
for an appropriate choice of A, our finite field v4-hypergeometric function specializes 
to that of McCarthy (up to a constant factor) . 

We recall the definition of McCarthy 6, Definition 1.4]. Let ct\,... ,ot2k-i £ F£ 
and let t G F* . Define 



(3.1) k 




The Gauss sums g{cti) and g(dtj) in the denominators of the products make this 
expression independent of the choice of additive character \E'. 

Given a classical hypergeometric series, Dwork-Loeser[2l Appendix] gives a choice 
of A and j3 for which the associated A-hypergeometric series specializes to the 
given hypergeometric series. Following their suggestion, we take n — 2k — 1 and 
A = {ai, . . . , a2/t}, where ai, . . . , a2fe-i are the standard unit basis vectors and 
&2fc = (1, . . . , 1, — 1, . . . , — 1) (1 repeated k times followed by —1 repeated k — 1 
times). We take j3 = (a%, . . . , otk, (Xk+i, • • • , &2k-i)- It is then straightforward to 
check that 



L/3 = {{aix, ■ • ■ , a k X, «fc+iX, ■ • • , a 2 fc-iX, x) I X 6 K }• 
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Equation (1.1) then becomes 



2fc-l 



(3.2) F A (P;\) = -± 1 J2 (n$(aiX) II 9(^x))g(x) 



• fc 2fc-l s 

n>*( A *)xM n «i(^)x(Ai))x(A afc ). 

■t=i j=fc+i ' 

Making the specialization Aj i-)- 1 for i = 1, . . . , 2k — 1 and A 2 fc (— l) fc i gives 

(3.3) F A (/3;l,...,l,(-l) fc i) = 

, fe 2fe-l v 

— E (Ilsfax) II 3(^x))ff(x)x((-i)^). 

Put C = (n<=i Il?=fc+i ff(^i))- Comparing (3.3) with (3.1) shows that 



cci a 2 • ■ • ctfc 



(3.4) C^Fa^; 1, . . . , 1, (~l) fc i) = fcJ F fc _! ( 

and the assertion of Theorem 1.3 is that 

ai a 2 ... «fc A 

fe 2fc-l 



(3.5) C. fc F fc _i 
fe 

53 n a 3 (^)*( ; ci+---+a ; 2fe-i+(-i)' £ < 



£fc+i • • ■ X2k-i 
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